TIME SERIES APPROACH TO THE EVOLUTION OF NETWORKS:
PREDICTION AND ESTIMATION. SUPPLEMENTARY MATERIAL.

ANNA BYKHOVSKAYA

1. Truncated ordinary least squares estimator

As Example 2 suggests, the ordinary least squares (OLS) does not produce a consistent
estimator. We show below the same inconsistency for generic values of parameters such that

Y is strongly mixing and converges to a stationary distribution, as in Theorems 2 and 3.
Lemma S1. Suppose that Eu; = 0. Then OLS is inconsistent.

Proof. Define 6 = («, B,7)". If X is the matrix with rows (1, y;—1, z—1) and Y = (y1,...,yr),
then the OLS estimator is

Oors = (X' X)'X'Y

Yo+ By + vz +w)
(1) t: y:=0
=0+ (X'X)'X'U - (X'X)™* > (a+ By +vz-1 + w)yi

t: yr=0

Yo (a4 By + vz + )z
t: ytZO

The term (X’ X) ™! XU converges to zero as T goes to infinity by the law of large numbers,

because (1, y;_1, 1) is independent of ;. However, the last term does not converge to zero:

Yo (a4 By + vz + )
t:yt:(]

— Yo (a+ By + v2-1 + )Y
t:ys=0

Yo (a4 By + vz +w) 2
t: yr=0

E(a + Byi—1 + vze—1 + u) L(uy < —a — Bys—1 — V2e-1)
%) E(a + By—1 +v2-1 +un)ye1 L(wy < —a — By —vz-1) |
E(a + Bye—1 + vzi-1 +u) 11 (wy < —a — Byt — v2-1)
where the expectations do not equal to zero. Thus, OLS is inconsistent. Moreover, each

term in the expectation is negative when the indicator equals to 1. So OLS overestimates
the coefficients as T goes to infinity. 0
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The advantage of the OLS procedure is the closed form for the estimator. We also recall
that in the linear models the OLS estimator is more efficient than the LAD. These two
properties motivate us to attempt to adjust the OLS procedure to restore consistency.

The idea of the modified procedure is the following: when y; 1 (2;_1) is large, while z;_;
(y;—1) is small, we can treat the constant and the second regressor as part of an error. Thus,
we are left effectively with the classical autoregression model and can use standard theory.
Mathematically, to estimate /3, we need to condition on Ty = {t|lyy > 0, yp—1 > M, 21 <
M/h(M)} for some number M > 0 and function h(-) such that h(M) T 00 When M
is large, —av — By;—1 — vz—1 is very negative, so the indicator 1(u; < —a — Bys—1 — Y2-1)
almost always equals zero, and the last term in Eq. disappears as T' — oo. Similarly,
we can condition on Toyr = {tly: > 0, yp—1 < M/h(M), 2,1 > M} to recover 7. The next

theorem, which is proved in the Appendix, summarizes the above heuristics.

Theorem S2. Separate OLS estimates of 8 and v based on Tiy and Ty are consistent,

respectively, as (M, T )seq — 00:

Z Yt—1Yt Z Zt—1Yt

T P Tonr P
2 7 67 2 7
DYiq  (MT)seq—o0 D 2E 1 (MT)seq—o0
Ty Tonr

After B and vy are estimated, one can estimate o using

1 P
2 _— Yo — By-1 — Yz-1) ——— .
( ) |T1M| + |T2M| Tllwzung ( ! ! ! ) (MgT)seq—N)O
R TZ Yt—1Yt TZ 24— 1Yt . .
Proof. Define 8 = “4—— and 4 = 2%——. Let us show that 5 —————— 3. The proof
> Y >0 2 (M,T)seq—00
T1m T1pm wsed
for 4 is the same.
Y YU Do (a4 21 4 ug) Yy
5 Tim Tim
p=T =g
> Z/t2—1 > yt2—1
Tim Tim
SN alB(y—1|Tiar) + VEYe—12e—1|Tiar) + E(ueye—1|Tinr)
T—00 E(y7_1]Tm) .
First note that u; and y;_; are independent and E(u;|T7/) M—> 0. Then % <
—00 t—1
E(ye_1|T, . ) )
m = ﬁ = 0. Finally, by Cauchy-Schwarz inequality, E(y;_12;-1|Tim) <
E(yi—120-1|Tinr) E(27_1|T1m) [M2/h2(M) _ 1
\/]E(yl?—1|TlM)]E(2t2—l|TlM) SO tha’t ]%t(ytéitlulﬂu\;y S E(yf,thM) S M2 — h(M) Moo

0.

Thus, 3 - s.
(M,T)seq—00
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Finally, notice that both under T7,; and Ty,

a+up =Y — BY—1 — Y2i-1,

so that
! S s )= a+ 2
I p—— Y — PYt—1 —Yet—1) =T o Ut
|T1M| + |T2M| TivmUTon |T1M| T |T2M| TipUTo
L o+ E(U,|T1M U TQM)
T—00
and

OZ—FE(U|T1MUT2M)M———>CM—|-EUZCM. ]
—00

In practice, to estimate a we need to use a different, smaller threshold. That is, we first
estimate 8 and ~ based on some M; and then we plug the estimates into Eq. , evaluated
at My < My, to estimate .

Let us note, that in practice we can use a simpler procedure. We denote it as OLSy;.
One can condition on Ty := {tly; > 0, y,—1 > M} for some M > 0 and run OLS with
three regressors. The problem here is that the limit behavior of the inverse of conditional

1 E(y[Tv) E(z|Tum)
matrix | E(y|Ty) E@?|Tyv) E(yz|Tw) is unclear. It may crucially depend on the
E(2|Tw) E(yz(Tar) E(2%Tw)
properties of the error distribution. As long as post-multiplication by the vector of cross
product covariances (0, Cov(ys_1,u|Tar), Cov(zi_1,u|Ths))" results in the zero vector in the
limit, the sequential limit of the corresponding OLS estimate equals («, 3,7). That is, the
inverse matrix must not explode faster than the conditional covariance vector goes to zero.

This is summarized in the next theorem.

Theorem S3. The sequential limit (M, T )seq — 00 of the OLS estimator based on t € Ty
equals the true value (o, 5,7) when the product

1
1 E(y:—1|Tw) E(z-1|Tu) 0

E(ye—1|Tv)  B(yiiTu)  BE(yp—1z-1|Twm) Cov(ys—1, ue|Thr)

E(z1|Tv) Elyraze1|Tv) E(zE4|Tw) Cov(zi—1,us|Tar)

converges to zero as M — oo.
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Proof. Conditional on T}y, the OLS estimate equals to
1

> 1 > Y1 TZ 21 B >y

o Ty T y;
B |+ > Y1 > Ui D Y121 > Y1y
T T T Ty
v DOETER D SF VAT R PP >z
Ty Ty Ty T
—1
. « 1 E(yt_1|TM) E(Zt_1|TM) Eut
T B | E(wlTv)  EWiiTv)  E(p-12zi-1|Tu) E(yi—1ue|Tar)
Y E(z—1|Thv) E(yi—12e-1|Twr) E(Z?_JTM) E(zi—1w|Twm)
Let us rewrite the second term. The goal is to show that it converges to zero as M — oc.
1 E(ye|Tv)  E(zalTu) ) Eu,
E(ye1|Tv) B o|Tu)  Ew-1ze1|Tu) E(ys—1u|Twr)
E(ze-1|Ta) E(Yo-12e-1Tne)  E(274]Twr) E(z—1u|Tar)

1 E(y|Ty)  E(2|Tw)
=| EWwlTy) EW|Tnm) E(yz|Ty)
E(2Ta) E(yz|Ta) E(2*Ty)

1 0
E(u[Tar) [ E(y|Ty) | + | E(yulTy) — E(y|Ta)E(ulTh)
E(z|Ty) E(zu|Ty) — E(2|Ty)E(u|Tw)
! 1 EGITy)  EGITM) | 0
=EQ|Tv) [ O [ +| E(y|Tv) E(’|Ta) E(yz|Tu) Cov(y,u|Ty)
0 E(z|Ty) E(yz|Ty) E(2%Tw) Cov(z,u|Tyy)

Because E(u|Ty) — Eu = 0 as M — oo, the first term converges to zero. By assumption,
the second term also converges to zero. (Note that as M — oo the correlation between
u; and y;_; drops to zero, so that Cov(y,_1,u¢|Tpr) — 0. Similarly, Cov(z;_1,u¢|Tpr) — 0.
However, the behavior of the inverse matrix per se is unclear.)

Thus, sequential limit of the OLS estimate based on T); equals the true values of the

parameters. O

In simulations, the product of the inverse conditional matrix of second moments and the
conditional covariance vector goes to zero. Thus, in the empirical example studied below we
use the above procedure to calculate adjusted OLS estimates. Moreover, as the next theorem
suggests, when there are no peer effects (7 = 0) and both w; and y; have exponential tails,
the product goes to zero. When there is no 7, the product of the inverse conditional matrix

of second moments and the conditional covariance vector reduces to
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oo 550 ) )
E(ye—1|Tn) E(y7 1| Tm) Cov(ys—1, ut| Tar)

_ 1 —E(yi-1Tar) Cov(ye—1, we|Thr)
V(ye-1Tnr) Cov(y—1,us| Thr)

Theorem S4. Assume that the stationary distribution of y; has density f,(z) for large
positive x and that the noise u; has density f,(x) for large negative x. Further, assume that
there exist six positive constants cy, ca, c3,dy, do, ds > 0, such that for all large enough positive
x:

(3) fy(x) = exp(—g,(x)), where c;z™ < g;(x) < cox?

and for all large enough negative x:
(4) fulz) = exp(—gu(w)), where g, () > cala|™.

1 —E(y—1|Ta)Cov(ye—1, ue| Tar)
Vel Tan) Cov(y—1,u|Th)

OLS, estimate is consistent as M — oo.

Then the vector ) goes to 0 as M — oo, i.e. the

Proof. Because g;(x) > ciz™, for any o > M g;(x) > g M4 and

b by ra ff ! (w)dw
P(y;1 > M) = /fy(x)dx = /e‘gy(z)d:c = e_gy(M)/e i dx
< e*gy(M) /eclMdl(xM)dx < efgy(M) ClMd1 < efgy(M)’
M

where the last inequality holds for M large enough.

We want to show that conditional variance of y,_; is polynomial in M~!. To do this, let
us show that if a variance of a random variable X is bounded from below by C' > 0 on some
interval [a, b], then VX > £(b — a)®:

b—a
b 2

(6) VX = /(m —EX)?fx(z)dx > C’/(x —EX)*dx > C / vidr = %(b— a)?,

a

o

where the last inequality holds because if a+ b’Ta > EX then (z —EX)? > (x —a— ”’Ta)Q for

z € a+(b—a)/2,b] and if a+ 5% <EX then (z—EX)? > (z — a)® for x € [a,a+ (b—a)/2).
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Consider the interval A = [M, M + (c;M*)™!]. Because f,(z) = e ) and g}, > 0, the
density of y is decreasing for x € A for M large enough. Thus, for x € A,

fy@) = f(M + (e2M®)71) = exp(—g, (M + (e2M*) 7))

> exp(—gy (M) = g, (M + (c2M®)7") (2 M) ™)
> exp(—gy(M)) exp(—ca(M + (caM®) )2 (e M) ™)

xp(—gy (M) exp(—(1 + (e, M=) 7)%) > exp(—g, (M))e .
Therefore, combining Eq. and Eq. , for x € A,

(7)

fytfﬂTM (gj) = fy(x)/PCgtfl > M) > efgy(M)edez /efgy(M) _ efgdz.

Using the bound from Eq. @, we get

) Vgl Tin) = [ (o= BlualZan))* fla)de > 5 (™)

Let us show that the conditional expectation of y;_; does not grow faster than linearly in
M.

(9)

00 2M 2M
oe] fxefgy(x)dx 2 f Iefgy(x)dm f efgy(x)dl'
E(yr-1/Th) —/xp Mdl_ s < <ami <an,
4 (Ye-1 > fe—gm)dx [ e9v@)da [ e9v@)da
M M

where the first inequality comes from the fact that ze=9(®) is decreasing exponentially, so

that for M large enough f re~ 9@ dy > f ze~ 9@ dy.
oM
We are left with analyzmg conditional covariance between ¥, 1 and wu;.

Cov(y—1, u|Thr) = E (-1 E (uy — E(we| Tosr)|ye-1) [Tor)

) Ao )
/ / Ut > - — ng) dUP(yt,I > M) dx E(ytfl‘TM)IEx t’TM)

—a—pfz
First, note that, for z > M,
(11)
—a—BM —a—BM
Pluy > —a — px) > Pluy > —a— M) =1 — / fu)dv > 1 — / e~ gy = 1,
—00

—0o0

so that P(u; > —a — fx) > 0.5 for M large enough.
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Second, because Eu = 0,

0o —a—pfz —a—pfx —a—pfz

(12) /vfu(v)dp:_ / vfu(v)dv = /(—v)eg“(”)dvg /(_U)ecmldsdv

—a—fx —00 —© o
< 2o+ fr)e s+

where the last inequality holds for M large enough as the integrand decreases exponentially.
Third, using Eq. @

fy(@)
E(w|Th) = / / P(u; > —a — B$)dUIP’(yt_1 > M) du

—a—LBx

fy() du

2(a+ px) e~ cslatpa)®
pz) P(u; > —a — fx)P(y—1 > M)

(13)

—C3 a+ﬂx)d3 fy<x) dr

4 a + Bx
p) Pl > 1)

3\8 i\

— 4E (o + Byp1)e @0 Ty, ) < d(a+ B0,

because the function under expectation is decreasing in y for M large enough.

Plugging Eq. @D, , and into Eq. , we get

|Cov(y—1,u|Thr)|

r fy(z)dx _ s
14 < 4/ a + fr)eslottn® LT 160 (o + SM )e @ HM)

< AM(a + BM)eeOFBM® L 160 (o + FM e ca(aFBIDS
Combining Eq. and , we get
|Cov(ys—1, us|Thr)|
V(ys—1|Tw)

g2z AM(a+ fM)e —es(@tBM)S LGN (a4 FM )ecsletBM)%
(CQMdQ) M—o0

<2 > 0.

Combining Eq. , @ and , we get
E(y:1|To)|Cov(ye—1, ui|Th)|
V(ye-11Tm)
4M(a+BM)€7C3(a+BM)d3 + 16M(a+ﬁM)e—C3(a+BM)d3
(CQMdQ)_3 M—o0

< 96e2 M
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So that V; ( —E(yi-1|Tv)Cov(ye—1, ue| Tar) )

— 0. -
(yt—11Tnr) Cov (yt—la ut|TM)

M—00

Remark S1. The conditions , mean that both the noise and the stationary distribu-
tion have light tails. The condition (3|) additionally requires that the tail probability of the
stationary distribution of g; does not decay too fast. These conditions are not intended to
be optimal and can likely be considerably weakened. Instead, they are intended to illustrate
the type of conditions where Theorem [3| holds.

The disadvantage of the adjusted OLS procedures is that we have to discard a lot of
observations. Moreover, it is unclear how to choose M and h(M). The tradeoff is that
the larger is M, the more observations we have to discard, yet the closer to the consistent
limit we are. Thus, we see that as we restore the consistency by increasing M, we lose the

efficiency of the estimator.

2. Maximum likelihood estimator

Suppose that we know the density, f,, of the error u;. Then we can calculate the likelihood.
It will consist of two types of terms. The first type corresponds to the cases when y; is non-
zero, the positive part is non-binding, so we can write y;, = «a + By,—1 + V21 + uy or
Uy = Yy — o — Pys—1 — v2—1. The second type corresponds to time periods with y, = 0. If y;
is zero, then it is equivalent to a + SBy;_1 + vz:_1 + u; being non-positive. That is, y; = 0 is

equivalent to vy < —a — fy;—1 — vz_1. Thus, the likelihood and its logarithm are

L= H fu(yt —a— By — ’YZt—l) X H Fu(_a — Byi—1 — ’YZt—l)>

t:y: >0 t:yr=0
(15)
log £ = Z log fu(ye — & = Byr—1 — vze-1) + Z log Fu(—a = Bys—1 — y2t-1).
t:y: >0 t: yr=0

Following common practice, we assume a normal distribution for u,. It turns our, as the
Theorem |5 shows, that when the true distribution is normal, the MLE produces consistent
estimators. However, as the simulations suggest, and in agreement with the well-known
results in the i.i.d. censored regression model, when the true distribution is far from normal,
the estimates are poor. Moreover, numerical optimization is very sensitive to the choice of
the initial point and the calculations for the MLE sometimes explode.

The proof of Theorem [5], which is shown below, uses extremum estimation techniques. In
a similar spirit it is possible to show v/T- asymptotic normality of the MLE estimator under

Gaussian errors.

Theorem S5. If u; ~ i.1.d. N'(0,0?), then MLE is consistent.
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Proof. Define § = («, 3,7,0) and assume that 6y is the true value of . MLE estimate 0

maximizes sample log-likelihood, @),,. The sample and population log-likelihoods are

T
1
Qn(0) = T Z[log Syl ye—1, 2021, 0)1(ye > 0) + log Fy (0]ys—1, 2e-1,0)1(y: = 0)

t=1
T

16 1
(16) =7 Z [log fulys — @ = By — v2e-1|Ye-1, 2-1,0) Ly > 0)
=1
+log Fu(—a = Byi—1 — v2e-1|Ye-1, 2e-1,0)1(y: = 0)
and
Q(Q) =E |:10g fy(yt’ytfly Zt—1, 6)1(5% > 0) + lOg Fy(0|yt717 Zt—1, 9)1(% - O)]
(17) = E[log fulye — @ — By s — vl 1, 201,013 > 0)

+ log Fu(_a — BY—1 — WZt—1|yt—1> Zt—1, 9)1(?# = 0) )

where expectation is taken with respect to v, yi—1, 2¢—1-

Let us first show that 6y uniquely minimizes Q).
Q(0) — Q(6o) = E(log fyy(yt|ye—1, ze-1,6) — log fy(ye|ye—1, 2t-1,00)) 1(y: > 0)
+ E(log £, (0[ye-1, 211, 0) — log Fy (0lye—1, 21, 60))1(yr = 0).
First note, that
E1(y: = 0)log F(0[yi—1, 21, 0) = Elog F, (0[y—1, z-1,0) (E (L(ye = 0)[ye—1, 2t-1))
= Elog F,(0]yi—1, zt—1, 0)Py(0]|ys—1, 2e-1) = Elog F,(0|ys—1, 2e—1,6) F, (0ly—1, 211, Oo).
Then, because logx < x — 1,
(19)
E(log Fy(0ye-1, ze-1,0) — log Fy(0[ye—1, ze-1,60)) L (y: = 0)

— Elog ( Fy(o‘ytflv Zt—1, 9)
Fy(0|yt—1a Zt—1>90)

) F,(0lyi—1, z1—1) < E(F,(0lyt—1, zt-1,0) — F,(Olyi—1, 2e-1,60)) -
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Similarly,
E(log fy(yt|yt—17 Zt—1, 9) — log fy(yt|yt—1a Zi—1, 90))1(% > 0)

fy(yt‘ytflaztflae) ) (fy(yt|yt1a 2-1,0) )
=Elo 1 >0)<E —-1]1 >0
s (fy(yt‘ytlvztlaeo) (v )< Ty (Yelvi—1, 21, 6) (v )

(200 . (]E ((J{;y((yyﬁt__f,’zi:l,,z))) - 1) Lo > Oy, ZH))
—E [ (G lr,20,6) = Fylyios. -1, 00) Lo > 0)d
— (1= EF,(0lyi-1,2-1,0)) — (1~ EF,Olyr-1, -1,60)
=E (F,(0|y—1, z1—1, 00) — F,(0|ys—1, 211, 0))
Plugging Eq. and into Eq. , we get

Q0) — Q0y) <E (F,(0lys—1, z-1,6) — Fy(0lyr—1, 211, 60))
+ E (Fy(0lye—1, 2-1,60) — Fy(Olye—1, 2e-1,0)) = 0.

Thus, 0y  minimizes Q. Moreover, equality ~ holds  only  when

P (f,(velyi-1, ze-1,0) = fy(w|yi—1,2-1,60)) = 1, which can not happen for gaussian

errors with density f,(v|yi—1, 2e-1,0) = \/2ir7 exp (—#(yt —a— Byi—1 — vzt_l)Q).

To apply the theorem for extremum estimators, we need to reduce the domain of 6 to a

compact space. That is, we need to show that when some of the parameters go to infinity,
@, goes to minus infinity and, thus, such values can not be solutions to max @),. Here we
are going to use the fact that f,(r) = —=—€"/2"". Let us plug the density into Eq. (16):

V2no?
1 « 1
Qn = T t_zl (—0.5log(27r02) — Tc?(yt —a—By1 — 72t1)2> 1(y: > 0)
(21) L —o—Byr—1—7z1-1
+ ; —0.5log(270?) + log / e/ du | 1y, = 0)

—00
If o goes to infinity, then —0.5log(270?) — —oo, while other terms remain non-positive:

A
[ e /27" du < \/210. Thus, Q, — —o0 when ¢ — oo independently of the values of other

parameters, and we can restrict ¢ to a bounded interval.
After we know that o is bounded, we can guarantee that the se-

cond summation is bounded by =zero from above for any values of «,f,:

—a—Byi-1—72t-1
—0.5log(2702) + log i e 2% dy | < —0.5log(2m0?) + 0.5log(2n02) = 0.

—0o0

When || goes to infinity or |3| — oo or || — oo, we have (y; — a — Bys_1 — v2i-1)* — oc.
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Note that as y and z are random with correlation below one, parameters can not compen-

sate each other. Thus, @, — —o0 as |a] — oo or f — oo or |y| — oco. Therefore, those

parameters can also be restricted to bounded intervals. Thus, we are left with compact set.
Plugging the density of u into Eq. , we get

Q) =E (—0.510g(27r02) — L(yt —a— Byi—1 — 7%-1)2) 1(y, > 0)

202
(22) —a—Byt—1—Yzt—1
+E | —0.5log(2mc?) + log / e~u 2 gy 1(y, = 0).

Function under expectation in Eq. ,

202
—a—Byt—1—y2t-1
+ | —0.5log(2m0?) + log / e du 1(y. = 0),

—00

1
g(yhyt—la Zt—1; 9) = (—0-5108;(27“72) - —(Z/t —a— By — ”YZtl)Q) 1(% > 0)

is continuous at every 6 with probability 1 and, because parameters are restricted to a
compact set, Esup |g(ys, i1, 2¢-1,0)| is finite.
0
Finally, we can apply Proposition 7.3 (Consistency of M-estimators with compact para-

meter space) from ?. Our model satisfies all the conditions of the proposition. Thus, the

MLE estimate 8 is consistent. O

3. Omitted proofs

3.1. Finite time until the network is empty.

Lemma S6. If Assumptions 1,2, and 5 are satisfied, Eufjt < oo foralli,j,t, and for alli,j
max(0, 5;;) + |vi;| < C < 1, then E(time until graph is empty for H periods) is finite. That

is, the expected time until Yijr = ... = Yijeym—1 = 0 for all i, 7 is finite.

Proof. Denote by @ = {u;j:};; the vector of all errors at time ¢. Fix some number M > 0

(it will be specified later) and define three independent random variables
uy = {{wije i gluwige < —M Vi, j},
uy = {{wijetiy

£ = 0, with probability P(Vi, 5 w;;: < —M),
e 1, with probability P(3i, j s.t. w; > —M).

wiryry > —M for some i, '},

Then

(23) w2 &u + (1 - &)a, .
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Fix realizations of (@, u; ,&) for t = 1,...,T and calculate the corresponding u; from Eq.

. Define

vy = |A| + max [, + aijh > 0.

Now construct a new time series
/ C /
= max + vy
Ye s=t—1,....t—H Ys ’

/ p—

Yy, = maxy;;, forp=0,..., H — 1.
2y
One can easily show by induction that y; > vy, for all 7, j, t.
By the same argument as in proof of Theorem 1, we can divide time periods into blocks

of length H and get a bound

H-1
(24) Yirp < C’s:t_nllaxt_Hyg - Z viys forallp=0,...,H —1.
s=0
H-1
Now define another random process and error, x, = max Y, we = > V(r—1)H+s-
s=(r—1)H,....,TH—1 s=0

Then by Eq. ,
Trp1 < Cor + weyy.

We need to find M such that for some e > 0, P(#{r € [1,..., |[T/H]]|z, < M} > eT) > &
and P(Vi, j w;;; < —M) > 0. This is a condition on u;j; which generally may fail to be true.
For example, if u;;; are almost surely larger than some positive constant. Let us show that
such M exists under assumptions 2 and Eu,;; < C4 < co. Assumption 2 implies that for all
M large enough P(Vi,j w;je < —M) > 0.

Let us show that if Eu,;;; < C4y < o0, then Ew, < C~’4 < 00, and constant C~’4 does not
depend on M. Note that the fourth moment of u;}, is bounded as
4 1
UHUP(3i, 5 st wge > — M)’

Elujy,|* < Elu

H—1
Further, as |w:| = ) v(-—1)m+s, it is less than the sum of absolute values of several instances
s=0
of u;};, and constants. Thus, the fourth moment of the sum can be bounded by a combination
of the individual fourth moments, which are bounded. As M — oo, P(3i,j s.t. u;;e >
—M) — 1, so that setting a lower bound for M to be such that P(3, j s.t. u;;; > —M') = 0.5,
we get a bound which does not depend on M > M’ and then E[u},|* < 2E|uj;,|.

Define one more process, Z., by
j"r-l—l = CfT + Wry1, Ty = 11.

It can be shown by induction, that for all 7, Z, > z,. Thus, it is enough to show that
P(i{r € [1,...,T/H]|E; < M} > eT) > 7. Let us show that 3Q such that & + Ty + ...+
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I|r/u) < Q|T/H)] with probability greater that 1 — <5t

|T/H]
T+ To 4.+ By =1+ Z (wr 4+ Cwr—y 4 ...+ C™ 2wy + C" ')
T=2
1 [7/H] #
< :
STTe X "Ti g

=1

The expectation of the right hand side of the last expression is =& (|7/H |Ew, + Ex1)

4

E|'S (w, - Ew,)
\T/H| Wy — BWr )
1 T=1 const -T const
Pl|—— . —FEw,)| > |T/H < < :
1-C ; (wr = Bw)) > [T/H] 1—-CHT/H]* = 1% — 12

where we used the fact that w, — Ew, are i.i.d. with zero mean and with bounded fourth

and second moments. Thus,

1 Lz/H] 1 LZ/H] const
— > QT /H <Pl |—— - — Ew,)| > |T/H —_,
=g X w > Q]| <PlImg 3w - Buo) > 11/H) ) < 5
where Q = 1+ iEi“g. Thus,
(25)
([T/H] ~
T const

<Qlr/H] | = 1- ==

P (%) + T+ ...+ Toyuy < Q|T/H]) > P (e 2 w5

Finally, if 2, + 2y + ... + Zypym) < Q|T/H], then xy + ... + xyp/p) < Q|T/H]|. The
latter implies that g{7|z, > 2Q} < 0.5|7/H| and #{7|z, < 2Q} > 0.5|7T/H|. That is, we
have shown that IM (any number larger than 2Q) and M’) such that §{r|z, < M} > T

const

T2
If it zero, then the whole process y;;; jumps to zero. Thus, with probability of at most

has probability greater than 1 — For each such 7 we flip a coin to determine ¢&;.

(P(Fi, 7 s.t. uge > —M))T the process does not jump to zero. Thus,

E(length until H zero periods) = ZIP’(length >T)

T=1

S < T2 + (]P)(E]Z,] s.t. Usjt Z —M))ET) < 0. ]
T=1
Corollary S7. If Assumptions 1 and 2 are satisfied for the model without v and if 5 < 1,

then E(length until zero) is finite.

Proof. If p < 1 and there is no v, max(0,5) + |y| = max(0,3) < 1. Thus, Lemma |§|
applies. O
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Lemma S8. If Assumptions 1 and 2 are satisfied, « < 0, 3 = 1 and if Eu} < oo, then
E(length until zero) is finite.

Proof. We can write the expected length until 3, = 0 as

(26) E(length until zero) = ZIP’(length >T).
T=1
Define S; = yo+ta+u; +...+u, for all t € N. If length until zero is greater than T', then
S1 > 0,...,5r_1 > 0. (Otherwise the process S; becomes negative, so that non-negative

process y; becomes zero before T'). Thus, P(length > T) < P(S; > 0,...,S7_1 > 0). Note
that

T—-1
]P’(Sl>0,...,ST1>0)=]P’<y0+a+u1>O,...,y0+(T—1)a+Zut>0>
t=1

T-1 T-1
§P<y0+(T—1)oz+Zut >0) =P (Zut > —yo—(T—l)a> :
=1 =1

Because a0 < 0, there exists 7" such that VT' > T" —yo — (T'— 1)a > 0. Let us look at any
T>T.
4

E

T-1

T-1 Til "
an B (Zut >~y — (T - 1>a) <P ( 2w >~ = (T~ ”a> = o+ (T = 1)a)?

T — D)Eu* + 3(T — 1)(T — 2)Eu?® _ const
_ | <

- (yo + (T = Do) o
where we used Markov inequality to bound probability by expectation.
Plugging Eq. into Eq. , we get

. t
E(length until zero) < Z O < consty < 00. O

3.2. Explosive LAD.

Lemma S9. Consider the process y;.1 = [a+ Pys +w)y, B> 1. For any ' € (1, ), almost
surely exists T' such that y 1 > By, for allt > T.

Proof. Fix € > 0. Denote v; = |a| + |ug|. Write y,1 > By — vy Iterating, we get

k
(28) Yok > B° (yt — Z Ut+7;—15_i>

i=1

Further, note Y ;o vy;—157" is a positive finite random variable, whose distribution does
not depend on the choice of ¢. Choose large M > 2 such that this random variable is less
than M with probability greater than 1 — e. By Classification Theorem (Theorem 3) we
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already know that almost surely . oo Thus, we can choose T' such that yp > 2M
— 00
with probability greater than 1 — . Then with probability greater than 1 — 2¢, we have by

(28):
(29) yrik > BF(yr/2),  forallk=1,2,....

Let us call the event where holds Ar. We thus know that P(Ar) > 1 — 2¢ for large
enough 7.

Next, consider the events

By = {|vryx| > 5}

Note that >, P(B) < oo, since v; is a random variable, whose distribution does not
depend on t and whose expectation exists. Therefore, there exists K such that for the event
Cx ={vr < BFforall k> K}, P(Cx) >1—> 2 P(By) >1—¢.

Now consider the event D = Ay NCk. We have P(D) > 1 — (P(-Ar) +P(—Ck)) > 1 — 3e.
On the other hand, on this event, for each t > T'+ K, we have
(30) Yer1 > By — v = By + (B = B)ue (1 - %)

Since y, > AT > MBT > 25T and v, < 77, the last term in (30)) is positive and
we conclude that y; 1 > [y, as desired.

Since € > 0 was arbitrary, we conclude that with probability 1 for all large enough ¢,
Yer1 > By, as desired. a
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